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Ph. 
_^ , Abstract. In this article we study the existence and the continuation of periodic so- 

^^ ' lutions of autonomous Newtonian systems. To prove the results we apply the infinite- 

CN I dimensional version of the degree for S'0(2)-equivariant gradient operators defined by 

the third author in [23] and developed in |^. Using the results due to Rabier ^5] and 

Wang [21] we show that the Leray-Schauder degree is not applicable in the proofs of our 

.^ ■ theorems, because it vanishes. 

■3 

"^ ' 1. Introduction 

The first aim of tliis article is to study tlie existence of periodic solutions of the following 
system 

x = -V'{x) (1.1) 

Ob ■ where V G C2(M",M) and V denotes the gradient of V. We assume that (V")"^(0) = 

^ . {pi, . . . ,Pq} is a finite set and that V'{x) = F"(oo) ■ x + o(||x||) as ||a;|| -^ oo, where 

O '. V^"(oo) is a real symmetric (n x n) -matrix, 

p^ I Such a problem has been considered for g = 1 by Amann and Zehnder, see j2], and by 

■~-^ ■ Benci and Fortunato, see El, for any q E N. 

^ ■ 
-(— > 



> 



Benci and Fortunato estimated the number of non-stationary T-periodic solutions of 
()l.lj) as T -^ oo. To avoid some technicalities and to make the proofs more transparent 
they assumed that all the non-stationary T-periodic solutions are not T-resonant and that 
potential V^ is a Morse function. These assumptions seems to be restrictive and rather 
S^ . difficult to verify. 

H [ We relax these assumptions and therefore we obtain only the existence of at least one 

non-stationary T-periodic solution of p.lj) . We formulate the sufficient conditions for the 
existence of non-stationary T-periodic solutions of (|l.ip in terms of V"{p) and ind(— V^', p), 
where p G {pi, ... ,Pq, oo}. It is worth to point out that we can treat problems with 
resonance at stationary solutions and at the infinity. As a basic tool we use the degree 
for 5'0(2)-equivariant gradient maps, see 
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AUTONOMOUS NEWTONIAN SYSTEMS 2 

The second aim of this article is to study the continuation of non-stationary T-periodic 
solutions of the following system 

X = -V{{x) (1.2) 

where V\ G C^(]R", M) for A G M and potential Vq possesses all the properties of potential 
V in (jl.ip . We formulate sufficient conditions for the existence of connected sets of T- 
periodic solutions of ()1.2|1 emanating from level A = 0. 

We consider solutions of p.ll) and ()1.2|) as critical points of 5'0(2)-invariant functional 
defined on a suitably chosen Hilbert space, which is an orthogonal representation of the 
group 50(2), see also [THll2n]- Gradient of this functional is an S'0(2)-equivariant map 
in the form of a compact perturbation of the identity. 

It is known that the Conley index and the Morse theory are not suitable tools for the 
study of global bifurcations and the continuation of critical points of functional, see j21 El 
HH [T7| 123] for discussion and examples. Since considered gradient is S'0(2)-equivariant, 
the Leray-Schauder degree is not applicable in our approach because it vanishes, see 
[Tnil2n] and Remark [5.2.61 Therefore to prove our results we apply the degree for S0{2)- 
e-quivariant gradient maps. Degrees for G-equivariant gradient maps has been defined in 
jH] for G = 5*0(2). Next it was improved in [22 and in |l2j for symmetries of any compact 
Lie group G. 

After introduction this article is organized in the following way. 

In Section |21 we summarize without proofs the relevant material on the degree for 
S'0(2)-equivariant gradient maps. We finish this section with a continuation theorem of 
critical orbits of S'0(2)-invariant functionals and the Rabier and Wang result concerning 
computation of the Leray-Schauder degree for S'0(2)-equivariant operators. 

The main results of Section El are Lemmas 13.21 13.31 We construct in these lemmas 
admissible G-equivariant gradient homotopies for the class of operators in the form of a 
compact perturbation of a G-equivariant self-adjoint Fredholm operator L. 

We use these homotopies in Section HJ in the case L = Id and G = 5*0(2). Namely, we 
simplify computation of the degree for 5'0(2)-equivariant gradient maps at an isolated 
degenerate critical point i.e. at a critical point with the isotropy group S0{2) or at the 
infinity. 

In Section we formulate and prove the main results of this article. In Subsection 
15.11 we study properties of the functional ^a associated to the linear system (J5.1.H) . In 
Subsection 15.21 we formulate and prove the sufficient conditions for the existence of non- 
stationary T-periodic solutions of the nonlinear system ()5.2.H) . see Theorems 15.2. 11 [5.2.21 
We would like to emphasize that we cannot use in our approach the Leray-Schauder degree, 
see Remark 15.2.61 In Subsection 15.31 we study continuation of non-stationary T-periodic 
solutions of family of nonlinear equations ()5.3.H) . see Theorem 15.3.11 

In Section [HI we illustrate results proved in Section [3j 

2. Preliminaria 

In this section, for the convenience of the reader, we remind the main properties of the 
degree for S'0(2)-equivariant gradient maps defined in f23|. This degree will be denoted 
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briefly by Vso{2)—deg. We finish this section with a theorem due to Rabier [inj and Wang 

Put U{S0{2)) = Z © ( Z ) and define actions 

+,* : U{S0{2)) X U{S0{2)) -^ U{S0{2)) 

■ : Z X U{S0{2)) -^ U{S0{2)) 
as follows 



a + p = {ao + po,ai + pi,...,ak + Pk, ■ ■ •) (2.1) 

a-kP =(ao ■ Po, ao ■ Pi + Po ■ ai, . . . , ao ■ Pk + Po ■ ak, . . •) (2.2) 

7 ■ a =(7 ■ ao, 7 ■ "1, • • • , 7 ■ "fc, ■ • ■) (2.3) 

where a = (ao, ai, . . . , a/j, . . .), /5 = {Po, Pi, ... , Pk, . . .) G f/(S'0(2)) and 7 G Z. It is easy 
to check that {U{S0{2)), +, -k) is a commutative ring with unit I = (1, 0, . . .) G {S0{2)). 
Ring (?7(S'0(2)), +, -k) is known as the tom Dieck ring of the group S0{2). For a definition 
of the tom Dieck ring U{G), where G is any compact Lie group, we refer the reader to 

HH 

li 61, . . . ,5q G U{S0{2)), then we write \\Sj ior 5i k . . . -k 5q. Moreover, it is understood 

that Y[6j = IeU{SO{2)). 

Let \^ be a real, finite-dimensional and orthogonal representation of the group 5*0(2). If 
V E V then the subgroup 5*0(2)^ = {g E SO {2) : g ■ v = v} is said to be the isotropy 
group oi V E V. Let Vt G V he an open, bounded and S'0(2)-invariant subset and let 
H C 5*0(2) be closed subgroup. Then we define 

. Vl^ = {veVt:H d 50(2)4 = {ven:gv = v'igeH}, 
• VLH = {veVL:H = 50(2)4- 

Fix A; G N and set 0|o(2)(^>^) = {/ ^ C^{y,R) : / is 50(2) - invariant}. Let / G 
^50(2)(^'^)- Since V is an orthogonal representation, gradient V/ -.V^-Visan 50(2)- 
equivariant C*°-map. If if C 50(2) is a closed subgroup then V^ is a finite-dimensional 
representation of the group 5*0(2) and (V/) = V(/|v«^) : V^ -^ V^ is well-defined 
50 (2)-equivariant gradient map. Choose an open, bounded and 50 (2)-invariant subset 
VL dV such that (V/)~^(0) fl dVt = 0. Under these assumptions we have defined in pS] 
the degree for 50 (2)-equivariant gradient maps V50(2)— deg(V/, f2) G f/(50(2)) with 
coordinates 

V50(2)-deg(V/,fi) = 
= (V50(2)-deg50(2)(V/, fi), V50(2)-deggj (V/, fi), . . . , V50(2)-deg2,(V/, fi), . . .). 
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For 7 > and fo G V^^^"^^ we put D^iV, Vq) = {v G V : | f — fo |< 7}. In the following 
theorem we formulate the main properties of the degree for 5'0(2)-equivariant gradient 
maps. 

Theorem 2.1 (|231)- Under the above assumptions the degree for S0{2)-equivariant gra- 
dient maps has the following properties 

(1) if V5o(2)-deg(V/, n) + e, then (V/)-i(0) n f] ^ 0, 

(2) if V50(2)-deg^(V/, fi) ^ 0, then (V/)-i(0) n f]^ ^ 0, 

(3) if fi = fio U fii and Qq H fii = 0, then 

V50(2)-deg(V/,fi) = V50(2)-deg(V/,no) + V50(2)-deg(V/,fii), 

(4) if fio C fi is an open 5'0(2)-invariant subset and (V/)^^(0) fl f] C fio; then 

D^G(V/,fi)=D^G(V/,fio), 

(5) if / e Cio(2)(^ X [0' 1]'^) is such that (V^/)-i(0) n (9^ x [0, 1]) = 0, then 

V50(2)-deg(V/o,l^) = V5o(2)-deg(V/i,l]), 

(6) if W is an orthogonal representation of the group 5*0(2), then 

V50(2)-deg((V/, Jc?),fi X D^{W,^)) = Vso(2)-deg(V/, fi), 

(7) if / G C|^(2)(^'^) is such that V/(0) = and VV(0) is an ^0(2)-equivariant 
self-adjoint isomorphism then there is 7 > such that 

Vsoi2)-deg{Vf,D,{V,0)) = Vsoi2)-deg{V'f{0),D,{V,0)). 

Remark 2.1. Directly from the definition of the degree for S0{2)-equivariant gradient 
maps, see j23], it follows that 

(1) if H C 5*0(2) is a closed subgroup and for any v E Q 5*0(2)^ 7^ H, then 

V5O(2)-deg^(V/,n)=0. 
(2) 

fo if ^^'^(2)^0^ 

V50(2)-deg50(2)(V/, n)=h Zf n^O(2) ^ |o| ^ y^ 

[ degs ( V/^°(2) ^ ^50(2) ^ Q) 0^/ierazse, 
where deg^ denotes the Brouwer degree. 
Below we formulate product formula for the degree for 5*0(2)-equivariant gradient maps. 

Theorem 2.2 ([211)- Let Qi C Vi be an open, bounded and SO {2) -invariant subset of 
a finite-dimensional, orthogonal representation Vi of the group 5*0(2), for i = 1,2. Let 
fi G 0^o(2)(^i.^) ^e such that (V/i)~\o) n 9^ = 0, for i = 1,2. Then 

V50(2)-deg((V/i,V/2),f^i X ^2) = V50(2)-deg(V/i,fii)*V50(2)-deg(V/2,fi2). 
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For A; e N define a map p^ : S0{2) -^ GL{2, R) as follows 

0<9 <2-7i 



p\e 



cos{k ■ 6) — sin(A; ■ 6) 
sin(fc ■ 9) cos{k ■ 9) 

For j, A; G N we denote by M[j, k] the direct sum of j copies of (M^, p'''), we also denote by 
R[j, 0] the trivial j-dimensional representation of S0{2). We say that two representations 
V and W are equivalent if there exists an equivariant, linear isomorphism T : V ^ W . 
The following classic result gives a complete classification (up to equivalence) of finite-di- 
mensional representations of the group SO {2) (see fTj). 

Theorem 2.3 ([1|). IfV is a finite-dimensional representation of SO (2) then there exist 

finite sequences {ji}, {ki} satisfying: 

(*) ki G {0} U N, jieN, 1 < i < r, ki < k2 < ■ ■ ■ < K 

r 

such that V is equivalent to ^R]R[ji, fcj]. Moreover, the equivalence class of V , (V ~ 

r 

^^M\ji,ki\) is uniquely determined by {h}, {ji} satisfying (*). 

1=1 

We will denote by m~ (L) the Morse index of a symmetric matrix L. 
To apply successfully any degree theory we need computational formulas for this invariant. 
Below we show how to compute degree for S'O (2)-equivariant gradient maps of a linear, 
self-adjoint, S'O (2)-equivariant isomorphism. 

Lemma 2.1 {^). IfV ^ M[jo, 0] ©M[ji, ki]®... ©R[>, K], L -.V ^V is a self-adjomt, 
SO (2) -equivariant, linear isomorphism and 7 > then 

(1) L = diag {Lo,Li,...,Lr), 
(2) 

{(_l)".-(Lo)^ ioTH = SO{2), 

0, for/f ^{S0(2),Zfc,,...,Z,J, 

(3) in particular, if L = —Id, then 

U-iy\ ioTH = SO{2), 

Vso(2)-degH{-Id, D^{V, 0)) = I (-1)^" ■ ji, for H = Z^,, 

[0, foTH^{SO{2),Zk„...,ZkA. 

Let (H, (■, ■)e) be an infinite-dimensional, separable Hilbert space which is an orthogonal 
representation of the group SO (2) and let C^Q/gJH, M) denote the set of 5'0(2)-invariant 
C^-functionals. Fix $ G CIq^^^JM^M.) such that 

V$(m) = n- Vr/(M), (2.4) 

where V77 : EI ^ EI is an S'O (2)-equivariant compact operator. Let W C EI be an 
open, bounded and S'0(2)-invariant set such that (V$)~ (0) fl dU = 0. In this situation 
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V5o(2)— deg(/(i — V?7, W) G U{S0{2)) is well-defined, see jSHI for details and properties of 

this degree. 

The following theorem is an infinite-dimensional generalization of Theorem 12.21 

Theorem 2.4. LetUi C Mi, be an open, bounded and SO (2) -invariant subset of infinite- 
dimensional, orthogonal representation Hj of the group S0{2), for i = 1,2. Let fi G 
C_^(^/2-)(]HIj,R) be such that 

(1) V/i = Id—Vrji is an operator in the form of a compact perturbation of the identity, 
for i = 1,2, 

(2) {V f,y\0) ndl(, = iD, fort = 1,2. 
Then the following formula holds true 

V so{2)-deg{{Id - Vi]i, Id - Vi]2),Ui x U2) = 
= V50(2)-deg(/d - Vr]i,l(i) -kV so{2)-deg{Id - Vri2,U2). 

Let L : H ^ H be a linear, bounded, self-adjoint, 5'0(2)-equivariant operator with 
spectrum a{L) = {Aj}. By Vx,(Aj) we will denote eigenspace of L corresponding to the 
eigenvalue Xi and we put fJ,L{Xi) = dim Vl(Aj). In other words fiiiK) is the multiphcity of 
the eigenvalue A,. Since operator L is linear, bounded, self-adjoint, and 5'0(2)-equivariant, 
ViiXi) is a finite-dimensional, orthogonal representation of the group SO (2). For 7 > 
and vo G H^^^^) p^^ ]j^^^^ ^^) ^ ^^ ^ jj . | ^ _ ^^^ |< ^}_ 

Combining Theorem 4.5 in [22] with Theorem 12. 21 we obtain the following theorem. 
Theorem 2.5. Under the above assumptions if 1 ^ ^'(L), then 

Vso(2)-deg{Id-L,D,{m,0)) = J] Vsoi2)-deg{-Id, D,{Vl{X,),0)) G U{S0{2)). 

Ai>l 

It is understood that if a{L) fl [1, +00) = 0, then 

Vso(2)-deg{Id - L, D,{m, 0)) = I G U{S0{2)). 

Below we formulate the continuation theorem for 5'0(2)-equivariant gradient operators in 
the form of a compact perturbation of the identity. In other words we study continuation 
of critical orbits of 5'0(2)-invariant C^-functionals. The proof this theorem is standard, 
but in this proof we have to replace the Leray-Schauder degree with the degree for 50(2)- 
equivariant gradient operators. 

Theorem 2.6. Let $ G CIq,^JB. x M, M) be such that V„$(u, X) = u- V„?7(m, A), where 
Vrj : EI X M —> H zs an S0{2)-equivariant compact operator. Fix an open, bounded and 
SO (2) -invariant subset U C H and Aq G M such that 

(1) (V„$(-,Ao))-'(O)n9W = 0, 

(2) Vsoi2)-deg{VuH;Xo),U) ^Qe U{S0{2)). 

Then there exists continua (closed connected sets) C"*^ C EI x R, with 

c- c ((-00, Ao] X e) n {Vu^{-, Ao))"' (0), 

C+ C ([Ao, +00) X H) n (V„<l>(-, Ao))"' (0), 
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and for both C = C^ the following statements are valid 

(l)Cn({Ao}xW)^0, 

(2) either C is unbounded or else C fl (H \ clilA)) ^ 0. 

We finish this section with a special case, G = SO {2), of the theorem due to Rabier and 
Wang, see [iniEni- 

Theorem 2.7. Let U G M be an open, bounded and SO {2) -invariant set and let f G 
C^Q,2){cl{U) ,M) be an operator in the form of a compact perturbation of the identity such 

that ^ fidU). Then degLs(/,W,0) = degLs(/^°^^^^^°^^^ 0), where degLs denotes the 
Leray-Schauder degree. 

3. Admissible G-equivariant Gradient Homotopies 

This section is of technical nature. We prove here the splitting lemma at the origin and 
at the infinity. In fact we construct admissible G-equivariant gradient homotopies. In the 
next sections, using these homotopies, we will compute the degree for S'0(2)-equivariant 
gradient maps. 
Let G be any compact Lie group and let $ G Cq(M., M) has the following form 

^(x) = ^{Lx,x)m- gix), (3.1) 

where Vg : H ^ EI is a G-equivariant compact operator and 

(F.l) L : EI — » EI is a G-equivariant self-adjoint Fredholm operator. 
Assume that for p G {0, oo} 

$(x) = -((L-Lp)x,x)e + r/p(x), (3.2) 

i.e. 

1 1 

^i^) = -^{{L - Lo)x, x)u + riQ{x) = -((L - L^)x, x)u + ^oo(x), 

where 

(F.2) Vr^p : H ^ EI is a G-equivariant, compact operator, 

(F.3) Lp : EI — *■ EI is a linear, G-equivariant, self-adjoint and compact operator, 

(F.4) ||V^r?p(a;)|| ^ as ||a;|| -^ p, 

(F.5) OGa(L-Lp), 

(F.6) p is an isolated critical point of $. 

We treat p = oo as a critical point of $ with Hessian V^$(oo) = L — L^. Moreover, we 
say that oo is an isolated critical point if (V$) (0) is bounded. 

We will denote by Vp and Wp the kernel and the image of V^$(p) = L — Lp, respectively. 
Notice that Vp and Wp are finite and infinite-dimensional orthogonal representation of 
the group G, respectively. Since the operator L — Lp is self-adjoint, M. = Vp Q) Wp. Put 
Ap = {L — Lp)\]Y^ : Wp — > Wp. Notice that the operator Ap is an isomorphism. From now 
on TTp : EI ^ Wp and Id — Tip : M. -^ Vp stand for G-equivariant, orthogonal projections. 
Set $? = {Id - Tip) o V<l> and $f = vTp o V$. 
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The following two versions of the implicit function theorem will allow us to construct 
admissible G-equivariant gradient homotopies. 

Theorem 3.1. Let $ G C^(H, M) be a functional given by ()3.H) . Suppose that $(a;) = 

-((L — Lo)x, x)h + ^o(3;) and that assumptions (F.l) — (-F.5) are satisfied for p = 0. Then 

there exist e > and G-equivariant, C^ -mapping wq : De(Vo, 0) -^ Wq such that 

(i) woiO) = 0, DwoiO) = 0, 
(ii) $^(t;,w) = OforveDe{Vo,0) iffw = wo{v). 

Proof. The existence of Wq : D^{Vq,0) -^ Wq we obtain from the nonequivariant version 
of the implicit function theorem, where e > is sufficiently small. What is left is to show 
that Wq is G-equivariant. Since the operator $2 is G-equivariant, $2(5''^' fl'^o(^)) = for all 
V G D^{Vo, 0), 5^ G G. Moreover, we have and ^^gv, Wo^gv)) = for all v G D^{Vo, 0), (7 G 
G. From the uniqueness of wq we obtain gwoiv) = wo{gv) for all v G -De(Vo, 0) and g E G, 
which completes the proof. D 

Theorem 3.2. Let $ G Gq(H, M) be a functional given by ()3.H) . Suppose that $(a;) = 

-{{L — Loo)x,x)][i + rioo{x) and that assumptions {F.l) — (-F.5) are satisfied for p = cxd. 

Then there is Pq > and G-equivariant G^-mapping Woo : K» \ c/(D/3p(\4o, 0)) ^ IVc 
such that $^(t>,w) = for v G \4o \ c/(-D/3o(\4o? 0)) zif w = Woo{v). 



00 



The above theorem has been proved as a part of the proof of Lemma 4.3 in ^. G-equi- 

variance follows in the same way as in the proof of Theorem 13.11 

As a consequence of Theorems 13.11 13.21 we obtain the following corollary. 

Corollary 3.1. Let $ G G^(EI, R) be a functional given by ()3.1|) . Fix p G {0, 00} and 

assume that functional ^{x) = -{{L—Lp)x,x)^+rip{x) satisfies assumptions (F.l) — (F.5). 

If {^n} C (V$)^"'^(0) converges to p then there is uq Efi such that for any n > uq there 
is Vn & Vp such that Gx„ = G^^. 

Proof. Fix p = 0. From Theorem 13.11 it follows that there is e > such that if Xn G 
(V$)"^(0) n Ds{B.,p) then Xn = {vn,Wp{vn)) G H, where Wp : Ds{Vp,p) -> Wp is a 
G-equivariant map. Since Wp is G-equivariant, Gv„ C Gwp{v„) for any t>„ G De(yp,p). 
Consequently, G^„ = G(^„,^j^(^„)) = G^„ n G^p(^„) = G^„, which completes the proof. The 
same proof remains valid for p = 00, but we have to replace Theorem 13 . 11 with Theorem 
EH □ 

Let us consider continuous, G-equivariant extensions Wp : Vp ^ Wp of Wp,p = 0, cxd, 
defined in Theorems 13 . 1 1 13 . 2l To shorten notation we continue to write Wp for Wp, p = 0,oo. 
For p G {0, cxd} consider a family of G-invariant G^-functionals Hp G Gq{M x [0, 1],M), 
defined in a following way 

Hp{{v,w),t) = -{Ap{w),w)M + ^t{2-t){Ap{wp{v)),Wp{v))M+ .^ ^s 

+ tr]p{v, Wp{v)) + (1 - t)T]p{v, w + twp{v)), 
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where {v, w) EM = Vp® Wp. 

This family has been introduced by Dancer in 0. Recall that homotopy // : i7x [0, 1] ^ M, 
where Q is an open, bounded, G-invariant subset of an orthogonal G-representation H, is 
said to be r2-adniissible iff 

(2) \/H{-,t) : {d{il),dil) -^ (H, EI\{0}) is a gradient, G-equivariant mapping for all 
tG[0,l], 

(3) VH{-,t) = L- Vgt, where Vg{-,t) = Vgt and V^f : H x [0, 1] -> H is a compact 
operator. 

By VH we denote the gradient of H with respect to the coordinate x G H. 

Lemma 3.1. Forp G {0, oo} the family Hp G Cq{M x [0, 1], M) given by the formula ()3.3|1 
is of the form VHp{-,t) = L — Vgt for t G [0, 1], where Vg : M. x [0, 1] ^ M. is a compact 
operator. 

Proof. Observe that 

VHp{{v, w),t) = Ap{w) + t{2 - t)[Dwp{v)fAp{wp{v)) + t{Id - 7rp)Vr]p{v, Wp{v)) + 

+ t[Dwp{v)]'^TCp\/rip{v, Wp{v)) + (1 - t)\/rip{v, w + tWp{v)) + 

+ (1 - t)t[Dwp{v)]'^iTp\/r]p{v, w + tWp{v)). 

From definition we have Ap{w) = {L — Lp){v,w). Recall that Lp and Vrjp are compact 
operators and Vp is finite dimensional space. To complete the proof we use following facts 
(i) superposition of compact and continuous mappings is compact, 
(ii) continuous, finite-dimensional mapping is compact, 
(iii) continuous mapping defined on a finite dimensional Banach space is compact. 



D 



We finish this section with splitting lemmas at the origin and at the infinity. 



Lemma 3.2. (Splitting lemma at the origin) Suppose that functional $ G G^(EI, M) 
is given by formula ()3.1|) . Assume additionally that for p = there is representation 
$(x) = j{{L — Lq)x,x)u + Vo{x) and assumptions (F.1)-(F.6) hold. Then there exist 
ao > and G-equivariant gradient homotopy VHq : (Vq © Wq) x [0, 1] -^ H, satisfying the 
following conditions 

(1) VH^\0) n {d{D^,{Vo,0)) X d{D^,{Wo,0)) x [0,1]) = {0} x [0,1], 

(2) VHo{iv,w),t) = {L- Vgt){v,w), for t G [0,l],iv,w) E Vq ® Wo, where Vgt = 
Vg{-,t) and Vg : EI x [0, 1] — >• H zs a compact mapping, 

(3) VHo{{v,w),0) = V<l>{v,w), 

(4) there exists a G-equivariant, gradient mapping V(po : (Vq, 0) -^ (Vq, 0) such that 
VHoiiv, w), 1) = (V<^o(^^), Ao{w)) = [VMv), {L - Lo)\WoH). 

Proof Let Hq : {Vq © Wq) x [0, 1] ^ R will be defined by formula (Q for p = 0, i.e. 

Ho{{v, w),t) = -{Ao{w),w)m + -t{2 - t){Ao{wo{v)), Wo{v))m+ 
+ tr]o{v, Wo{v)) + (1 - t)r]o{v, w + two{v)). 
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Clearly VHq : (Vq © Wq) x [0, 1] —i> EI is a gradient, G-equivariant liomotopy. Condition 
(1) has been verified for example in [T^, for ao > taken as a sufficiently small number. 
Lemma f3 . 1 1 yields (2). To complete the proof notice that 

(1) VHo{{v,w),0) = V^v,w), 

(2) VHoiiv,w),l) = (Vv?o(t^),^o(u')), where VM^) = ^liv , wo{v)) . 

n 

Lemma 3.3. (Splitting lemma at the infinity) Suppose that functional $ G C^(H[, M) 
is given by formula (J3.H) . Assume additionally that for p = oo there is representation 
$(a;) = ^{{L — Loo)x,x)m + Voo{x) and assumptions (F.1)-(F.6) hold. Then there exist 
number a^o > and G-equivariant gradient homotopy Vi^oo : (Ko © W^oo) x [0, 1] — > EI, 
satisfying the following conditions 

(1) VH^\0) C diD^^iV^,0)) X diD^^iW^,0)) X [0,1], 

(2) VH^{{v,w),t) = {L-Vgt){v,w), forte [0,1], {v,w) G Ko © W^oo, where Vgt = 
Wg{-,t) and Vg : EI x [0, 1] ^ EI zs a compact mapping, 

(3) VH^{iv,w),0) = V^v,w) 

(4) there exists a G-equivariant, gradient mapping V(foo '■ V'oo — > Voo such that 

VHoo{{v,w),l) = (yipoc{v),Aoo{w)) = (Vipooiv), {L - Loc)\w^{w)). 

Proof Recall, that $f = {Id - tt^) oV<l> : M ^ V^o and ^^ = tt^o o V<l> : H ^ H^oo- 
Applying Theorem 13.21 to $, we obtain j3q > and a G-equivariant G^-mapping 
u^oo : V^o \ d{Dp,{Voo,0)) -^ Woo such that <!>^{v,w) = Oioi v eV^\ c/(D^„(K», 0)) 

iff W = Woo{v). 

Fix /3i > /3o such that 

(/rf-7roo)(V$~'(0)) C c/(D;3i(V;o,0)) (3.4) 

and 

sup{||VV(^',w^)l|; {v,w) G e and ||(t;,u;)||e > A} < -\\A^^V- (3-5) 

Consider the family Hoc : (V"oo © Woo) x [0, 1] ^ EI defined by formula ()3.3|) for p = cxd, 
i.e. 

Hoc{{v,w),t) = -{Aoo{w),w)m+ -t(2-t)(Aoo(Woo(f)),Woo(f))H+ 

+ tr]oo{v, Woo{v)) + (1 - t)r]oo{v, W + tWoo{v)). 

We claim that there exists /92 > such that if (f,w) G B.\{cl{Df3^{Vco,0))xcl{Df32iWoo,0))) 

then VHoo{{v,w),t) y^ 0. Notice that (i;, u;) eM\{cl{D,3,{Voo,0)) x 0/(^/32(^^00,0)) iff 

(i) either ||f ||h < Pi and \\w\\n > P2, 

(ii) or ||f lie > Pi- 

Case (i). For Pi there exists K such that if ||f ||e < Pi then ||woo('y)||H < -f^- Moreover, 

from (F.4), for fixed e > there exists M > such that if ||a;||H > M then ||Vr7oo(a;)||H < 



AUTONOMOUS NEWTONIAN SYSTEMS 11 

£:||x||h- Taking e < \\\A'^\\^^ and sufficiently large (32 if ||w||e > h then 

||7roo(Vi:/'oo((f,w),t))||H= \\Aoo{w) + (1 -t)-Koo'^ri^{v,w + tw^{v))\\u > 

> W^^V^W^Wm - E\\iv,w + tWociv)))\\u > 

> \\A';^\\''^\\w\\m -ef3i - 6\\w\\m - sK > 

> 2ll^ooi"l^lle-£/3i-£i^> 0. 
Case(ii). Fix {v,t) G (Ko \ 0/(^^,(^0,0))) x [0, 1]. We claim that 

noo{VH^{{v,w),t)) = (3.6) 

iff w = 0. Indeed, w = is a solution of ()3.6|) . We proceed to show that it is unique. 

Aoo{w) + (1 - t)7roo(V?7oo(t^, w + tWoo{v))) = ^ 
w = -(1 - t)A^ o 7roo(Vr7oo(f , w + tWoo(t^)))- 

Denote the right side of the above equality by (f){v,t){w). From the mean value theorem 
and ()3.5j) we obtain 

\\(f){v,t){wi) - (f){v,t){w2)\\m < Pool ■\\'^'nociv,twi+Wooiv))-Vr]^{v,tw2 + Wooiv))\\u < 

< \\A(^\\ ■ \\wi - W2\\m ■ sup{\\V^r]oo{u)\\] ueM and ||m||h > Pi} < -||wi - u^2||h- 

Hence 0(f , t) : Woo —>■ Woo is a contraction. Using the Banach fixed point theorem we con- 
clude that 1(7 = is the unique solution of ()3.6|) . If w = then (Id— 7roo)(Vifoo((^, 0), t)) = 
= $^(w,w(t>)) 7^ for ||t>|| > Pi. Now it suffices to take Ooo = max{Pi, ^2}- 
Lemma f3. II vields (2). To complete the proof notice that 

(1) VHoo{{v,w),0) = V^v,w), 

(2) VHoo{{v,w),l) = {Vipoo{v),Aoo{w)), where Vipoo{v) = ^T{v,Woo{v)). 

D 

Remark 3.1. Notice that from conditions (1) in Lem,m,as \S.2 and \S.Si for p = 0,oo 
respectively, we have 

VHp{;t) : {d{D^^{Vp,0)) X d{D^^{Wp,0)),d{d{D^^{Vp,0))) x cl{D^^{Wp,Om ^ 

-^(H,e\{o}). 

Hence both homotopies Hp are Q-admissible for Q = Dap{Vp, 0) x Dap{Wp, 0). 
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4. Applications of Splitting Lemmas 

In this section we compute the indices of isolated critical points of S'0(2)-invariant 
functionals in terms of the degree for 5'0(2)-equivariant gradient maps. Throughout 
this section we assume that L = Id, G = 5*0(2) and dim H'^*^'^^^ < oo. Let functional 

$ G CgQr^A'E.,^) be given by ()3.H) . Suppose that $(a;) = -{{L — Lp)x,x)M + Vpi^) fo^ 

p G {0, oo}, and that assumptions (F.l) — (-F.6) are satisfied. Notice that if p = 0, 
functional $ satisfies assumptions of Lemma 13.21 and if p = oo, assumptions of Lemma 
13.31 Hence, further consideration we can carry out paralel for p G {0, oo}. From Lemmas 
13.21 13.31 and Theorem 12.41 we have 

Vso(2)-deg(V<l>,D,^(e,p)) = 

= Vso(2)-deg{{Vipp,Ap),D^^{Vp,p) x D^^{Wp,p)) = (4.1) 

= Vso{2)-deg{V<^p,Dap{Vp,p))icVso{2)~deg{Ap,Dc,^{Wp,p)) 

Lemma 4.1. Fix p G {0, oo}. Let $ G CgQ,2)(M,^), admits the representation $(x) = 
^{{Id — Lp)x,x)m + Vp{^)^ and assumptions {F.l) — {F.6) are fulfilled. Moreover, assume 
that Vp = ker(Jrf - Lp) C m^^^^\ Then 

V50(2) - deg(V<l',D,^(H,p)) = degB(V$^o(^),D,,(H^O(2)^p)^Q). 

■V50(2)-deg((/ci-Lp)|(eso,2))x,D„^((e^o(2))±^Q))_ 

Proof. Since Ap = {{Ap) ^^so(2) , iAp)\^Wpew^°'^^^)'>' ^p ^ ^^°^^^ ^"^^ ^^ ^^ ^^^^ 

Vso{2)-degi\/^,D^^{M,p)) = 

= Vso{2)-deg{Vipp,D^^{Vp,p))^Vso{2)-deg{{Ap)^^so,2,,D^^{W^'''^^\0))^ 

*V5o(2)-deg((Ap)|(^^Q^so,.)),Z^.,((H^peWf^(^)),0)) = 

= V50(2)-deg((Vy.,,(A,)|(^^^^so,.))),D«,(V;,p) xD,^((H^pe 1^/^(2)), 0)^ 
W5O(2)-deg((A,)|(eso(2))x,D„,((M^o(2))^,0)) = V5O(2)-deg(V«l'^°(2),D«,(H^°(2)^p))^ 

*V5o(2)-deg((Jrf-L,)|(eso(2))x,D«,((H^^(2))±^Q)) (4^2) 

Recall that (V<l>)^^^^^ = (V<l')p50(2) = V(<l>|eso(2)) : e^o(2) ^ ^so{2) jg well-defined 
gradient map and notice that by R,emark |2.1l we have 

V5O(2)-deg(V$^^(2\D.,(H^°(2),0)) = (degB(V$^^(^),Z).,(e^'^(2),0)),0,...) (4.3) 

Taking into account formulas (j2.2p . (j4.2j) and (j4.3j) we complete the proof. D 
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Recall, that by Vl(Aj) we denote the eigenspace of the operator L corresponding to the 
eigenvalue Aj. Using Theorem 12.51 we obtain 

V50(2)-deg(V<l',D,^(H,p)) = 

= Vso{2)-deg{V^p,D^^{Vp,p))^Vso{2)-deg{-Id,D^^{^VL^{X,),0)). 

Ai>l 

Since Vp = ker(/(i — Lp) is a finite-dimensional representation of the group S0{2), from 
Theorem 12.31 we obtain numbers jo > 0,ji,...,jr > and kr > ■ ■ ■ > ki > ko = 
such that Vp ^ R[jo, ko] © R[ji, fci] © . . . © ]R[>, K]. Let {ii, . . . , ij C {1, . . . , r}. 
Denote /i:ii...j^ = gcdj/cj^, . . . , /cj^}. Possible isotropy groups of points of Vp are S0{2) 
and groups Z^- - , for arbitrary {ii, . . . ,is} C {l,...,r}. From Remark 12.11 we have 

Vsoi2)-degH{Vipp,D^^{Vp,p)) = for if ^ {50(2)}U |J {Zfc^^...,J. Hence we 

{ii,...,is}C{l,...,r} 

have proved the following lemma. 

Lemma 4.2. Lei p G {0, oo}. Lei $ G C|(-,/2)(^!^)) admits the representation $(x) = 
^((/(i — Lp)x,a;)e + Vp{^)^ ^'^^ assumptions (F.l) — (-F.6) /ioW. T/ien 

V50(2)-deg(V<l',D,,(H,p)) = 

= V5O(2)-deg(V(/^p,D,^(rp,p))*V5O(2)-deg(-MD,^(0Vi^(Ai),O)). 

Ai>l 

Moreover, by formula (|2.2|) , we have 
V50(2)-deg^(V$,D„^(e,p)) = 
= Vso(2)-degsoi2)i^^p,D^^{Vp,p))-Vsoi2)-degH{-Id,D^^{^VL,{X.),0)) (4-4) 

Ai>l 

/or if ^ (50(2)} U U {Zfc,^...J. 

{Jl,...,jjc{l,...,r} 

Corollary 4.1. Lei assumptions of Lemma\J~^be satisfied. Assume additionally that 



V;""^'^ = keiild - LpYO(2) ^ |o}. Tj^ 



en 



Vso(2)-deg^(V<l>,i^«,(e,p)) = V5o(2)-deg^(-ici,i},^(0 Vl^(A,),0)) 

Ai>l 

forHi{SO{2)}VJ U {Z,^^...J. 

{h,...,is}C{l,...,r} 

Proof. Since Vp^^'^'^ = ker(irf - Lp)^^^^) ^ |o}, by Remark ITTI we have 

V50(2)-deg5o(2)(Vv?p,Dap(^p,p)) = 1- 

Applying formula ()4.4|) we complete the proof. D 
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5. NONSTATIONARY PERIODIC SOLUTIONS OF AUTONOMOUS NEWTONIAN SYSTEMS 

Throughout this section we study periodic solutions of autonomous Newtonian systems. 
We define an 5'0(2)-invariant functional on a suitably chosen infinite-dimensional Hilbert 
space which is an infinite-dimensional, orthogonal representation of the group 5*0(2). 
Critical orbits of this functional are in one-to-one correspondence with solutions of a 
considered system. Therefore for our purpose it is enough to study only the critical orbits 
of this functional. 

We begin this section with a definition of an appropriate Hilbert space. Fix T > and 
define 

m^T = {u:[0,T]^W: u is abs. cont., m(0) = m(T),m G L2([0,T],M")}. 

It is known that M)p is a separable Hilbert space with a scalar product given by the 

formula {u,v)jji-i = / {u(t),v(t)) + {u(t),v(t)) dt, where (■, ■) and || ■ || are the usual 
^ Jo 

scalar product and norm in R", respectively. It is easy to show that f H^, (■, ■)^i ) is an 

orthogonal representation of the group 5*0(2) with an 50 (2)-action given by shift in time. 
Let us consider the following Newtonian system 

'u = -V'{u) 

u(0) = n(T) (5.1) 

u(0) = u{T) 

where V G 0^(M'^,]R). Solutions of (j5.1|) are in one to one correspondence with critical 
points of an 5*0(2)-invariant O^-functional ^v '■ ^t ~^ '^ defined as follows 

^v{u)= [ l-\\uit)f-V{u{t))dt (5.2) 

Jo ^ 

Notice that for any u,v & H^ we have ^'y{u){v) = (V$y(M), v)];!! = {u — VC{u),v)jgii , 

where VC : EI^ — > H^ is an 50 (2)-equivariant, compact, gradient operator given by the 

r 

formula (VC(^), t')ei = / {u(t) + V {u(t)) , v(t)) dt. In the other words the gradient V'I'v' : 



'0 



M}p —>■ H^ is an 50 (2)-equivariant O^-operator in the form of a compact perturbation of 
the identity. 

5.1. Linear Equation. In this section we carry on detailed analysis of a linear system 
of the form 

il = —Au 

u(0) = u{T) (5.1.1) 

u(0) = u{T) 

where A is a real, symmetric [n x n)-matrix. Moreover, we study properties of a functional 
associated with equation (j5.1.1|) . 
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Define the corresponding functional ^a '■ Ht — ^ K as follows 

^a{u) = \j \\u{t)\\'' - {Au{t),u{t)) dt = ]^{u- La{u),u)^i^ (5.1.2) 

and notice that V$a = Id ~ La-, where La '■ H^ -^ H^ is a linear, self-adjoint, S'0(2)-e- 
quivariant and compact operator defined by the formula 

{La{u),v)^i= / {u{t) + Au{t),v{t))dt. 
Jo 

To study the linear eigenvalue problem u — \Lid^„ {u) = it is enough to consider the 

following system 

' u = -{2\-l)u 

u{Q) = u{T) (5.1.3) 

m(0) = iiiT) 

It is easy to check that eigenvalues and eigenspaces of the operator Lid^g^ '■ EI;^ -^ H^ are 
of the following form 

(1) a {Ljd^„ ) = Mfe = ^ 

(2) \4,,^JAo)=M"^M[n,0], 

{2k'K 2k'K 1 

flfc cos -^t + bk sin -^t : a^, bkEWV ^ M[n, k],keN. 

From the above we obtain that an orthonormal basis in H^ can be chosen as follows 



1 / 2T f2kn \ / 2T f2kn 

or in equivalent way 

Ao /Afc /2A;7r A /A^ . /^2A;7r 

e,;, \/-r- ■ COS — — t 







where i = 1, . . . , n and /c G N. 

It is clear that u G H;^ possesses Fourier series of the form 



/ N ~ / Ao v^ ~ / /Afe 2k7!- \ 7 f /Afc . 2k7i 

u{t) = oo W — + 2^ Ofc ■ I W — ■ cos — ^t 1 + 6fc ■ I W — ■ sm -—t 



fceN 

^-^ 2A;7r 2A;7r 

= ao + 2^ Ofc ■ cos -—t + 6fe ■ sm -—t. 

fceN 
In the following lemma we study properties of the operator V$a = Id — La '■ EI;^ -^ M}p. 

Lemma 5.1.1. If u E Hy with Fourier series 

•sr-^ 2k7r 2kn 

u[t) = ao + ^ak- cos -—t + bk ■ sm — ^t, 

fceN 



AUTONOMOUS NEWTONIAN SYSTEMS 16 

then 

°2^ 2A;7r 2k'K 

V^a{u) =u- La{u) = -A-ao + 2_,(^(^) " Ofe) ■ cos -^t + {A{k) ■ h) ■ sin ^t, 

fc=i 

^^^^^ ^(^) = Ufvt^ + T^^^ - 4A;%2 + T2^, 

E2kTi 2k7i 

ttk ■ cos —^t + 6fc ■ sin -^^t. Then 

fcGN 



/ 2A;7r 2kTT \ 

{Id - LA){ao) + 2_,(^^ - ^a) ( ak ■ cos -— t + bk ■ sin -— t j . 



ifceN 
What is left is to compute 

(1) {Id-LA)iao)eVL,,^J\o), 

(2A;7r 2A;7r \ 

Ofe • cos -^t + bk ■ sin ^M e Vl^^^^^ (Afc). 

Put Uq = ao, fix V ^ M}p and notice that 

{V^A{uo),v)m = {uo - LAiuo),v)^i^ = / -{A{uo),v{t)) dt = 

Jo 

T 

{uo,v{t)) + {uo,v{t)) - {{Id + A){uo),v{t)) dt = 



= (mo- {Id + A){uo),v)^i^ = {-A{uo),v)ai^. 

Summing up, we obtain V$a(wo) = uq — La{uo) = —A{uo). 

2k'K 2kTi 

For simphcity of notation, we let Uk{t) stand for a^ ■ cos —^t + bk ■ sin -^f-t. Fix v G H^ 

and notice that 

{V<^A{Uk),v)ai, = {Uk-LA{Uk),v)j^i^= / (Mfc(t),^'(t)) - (^Mfc(t),^^(t)) rft = 

(Mfe(t), t;(t)) + K(t), t;(t)) - (ukit) + Aukit),v{t)) dt = (-Mfc(t) + Ukit),v{t))- 

Jo 

-{uk{t) + Auk{t),v{t))dt= / ( — j {uk{t),v{t))dt- 

,\w^) {{^^^)(Mt) + Aukit))Mt)) dt = 

4p7r2 ^, r2 \ 



4A;%2 + T2 4F7r2 + T2' 
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Summing up, we obtain 

2k7i 2kn 

= {A{k) ■ ak) ■ cos -—t + {A{k) ■ bk) ■ sin -—t = A{k)uk, 

which completes the proof. D 

As a direct consequence of Lemma 15.1.11 we obtain the following two corollaries. 

Corollary 5.1.1. The following conditions are equivalent 

(1) operator V^a = Id — La '■ EI^ — ^ H^ is an isomorphism, 

(2) ker A(fc) = {0} for any keNU {0}, 

(Ak^n"^ 
{3)a{A)n}^-^:keNU{0} 

For a G M we will denote by /iA(«) the multiplicity of a considered as an eigenvalue of 
matrix A. li a ^ cr(A) then it is understood that /i^(a) = 0. Moreover, if a G cr{A) then 
we will denote by VA(a) the eigenspace of A corresponding to the eigenvalue a. For any 
fc G N U {0} define 

-oo 



(1) ^k{A,T) 


t( 4^ n 


— Cr{^y) \ \ 1 rp2 


(2) Jfc(A,T): 


= ^ f^A{a)- 




a(L<Tk{A,T) 


Remark 5.1.1. 


Notice that 



u{A,T) = f,A{0) + 2Y,f^A(-^) ,jiA,T) = UA,T) + 2Y,j,{A,T), 

k=l ^ ^ fc=l 

where the numbers i>{A,T),j{A,T) are defined in [TH] on page 207. Since we are going 
to apply the degree for SO (2) - equivariant gradient maps, we have to describe the finite- 
dimensional spaces kei Id — La and Ah Vl^(Aj) as representations of the group 5*0(2). 

Ai>l 

It is not enough for our purpose to know only the dimensions z/(yl,T) = dimker/ci — La 
andjiA,T)=dim^VLA>^,). 

Ai>l 

The following corollary will prove extremely useful in the next sections. 

Corollary 5.1.2. Operator V$a = Id — La '■ H^ -^ H^ has the following properties 
(1) H^_o = kerV$^ = yL^(l) = 

, , /^ f 2k7c ^ . 2k'K , ^, MPvr^M 

= kerA®(^<ak- cos -—t + bk ■ sm -—t : a/,, bk e Va [ ^ 1 > , 



fc=i 
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(2)H^,o^0: 



k=0 



I^A 



2^2 



4k'7C 
2^2 



OO y 

(3) dimH^_o = /iA(0) + 2^/iA( 

fc=i ^ 



2^2 



4A;^7r 

2^2 



A,>1 



ae(To(A) fc=l aGo-fc(yl,T) 



2A;7r , . 2A;7r , ,, , , 

afc • cos -—t + h ■ sm -—t : a^, 6^ G Va [a, 



(5)e^__^0 R[fXAia),k] = ^R[jkiA,T),k], 

k=0 a&crh{A,T) 



k=0 



(6)dimH^__= Y. f^A{a) + 2j2 Yl /^a(«) = Jo(AT) + 2^ jfc(A,T), 

aeao{A) fc=l aecrk{A,T) 



fc=l 



(8) Ml = Hi 



e^o©H^_ 



The following fact is a direct consequence of Theorem I2.5| Lemma 15.1.11 and Corollaries 

EXHEH 



Fact 5.1.1. Ifa{A) n 



2^2 



2^2 



: A;GNU{0} 



), t/ien t/ie operator V^a = Id — La '■ 



M\, —>■ Hy is an isomorphism. Additionally, for 7 > 

V50(2) - deg^ (V^A, /^-y {M't, 0)) = V50(2) - deg^ {-Id, D^ (ei^^_, O)) = 
(_l)io(A,T) forH = SO{2), 

i-lY'^^^'^^ ■ jk{A,T) forH = Zk. 
It IS understood that z/M^_ = {0} then V5o(2) -deg (V<I>a, D., (H^, O)) = I G f/(50(2)). 

5.2. Existence of Periodic Solutions of Nonlinear Equation. In this section we 
formulate sufficient conditions for the existence of non-stationary T-periodic solutions of 
autonomous Newtonian systems. 
Let us consider the following Newtonian system 



u = -V'iu) 
u(0) = u{T) 
u(0) = u{T) 



(5.2.1) 



where V G C2(M",R). Suppose 
(i) (n~^(0) = {pi,...,M, 



fii) V'ix) = V^"(oo) ■ X + o(\\x\\) as llxl 



CXD. 
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Recall that for p G EI'^'^(^) and 7 > we set D^{B.,p) = {f G H : Ht'— p||e < 7}- Moreover, 
if p = 00 then D^(M,oo) := D^{m,0). Define md{-V', Pi) = limdeg^i-V ,Do,{W,Pi),0) 

for i = 1, . . . , g and ind(-\/', 00) = lim deg^{-V', D^iW, to), 0). 

a— >oo 

1 

Remark 5.2.1. Under the above assumptions ind(— V"', 00) = ^^ind(— l^',pj). 

Definition 5.2.1. Let p G {pi, . . . ,Pg,oo} and a(y"{p))n I : A; G N ^ = 0. Define 

IviP.T) = {Ivip,T)so{2),IviP,T)z-,,...,IviP,T)z^:,...,) G U{S0{2)) m the following 
way 

( md{-V',p)) for H = S0{2), 

Ivip,T)H={ (5.2.2) 

[ md{-V',p))-jk{V"{p),T) forH = Zk. 

Remark 5.2.2. Notice that, if moreover we assume det V"{p) 7^ 0, then formula ()5.2.2|1 
becomes 

r (_i)jo(v"(p),T) forH = SO{2), 

Iv{p,T)h=1 (5.2.3) 

[ (-l)^o(v"(p),T) . ^.^ (r'(p), T) /or H = Z,. 

Lemma 5.2.1. If p e {pi, . . .,Pg,oo} and a{V"{p)) f] < : A; G N ^ = then the 

stationary solution p is an isolated critical point of ^v 

Proof. Since a{V"{p)) fl < : A; G N > = 0, from Corollary 15.1.21 we conclude that 

ker(/(i — Lp) C (H^)"^*^*^^). Suppose, contrary to our claim that p is not isolated in 
(V<l>)-^(0). Taking into account that ker(/ci - Lp) C (H;^)'^*^^^) ^^d Corollary O we 
obtain that p is not isolated in (V$)~^(0) fl (E}p)^^^'^\ But there is only a finite number 
of stationary solutions of ()5.2.H) . a contradiction. D 

Lemma 5.2.2. If p e {pu .. .,Pq, 00} and a{V"{p)) n < : A; G N > = then 

Iv{p,T) = V50(2)-deg(V<l'y,D,,(H^,p)), 
where otp is sufficiently small if p = Pi for i = 1, . . . ,q and sufficiently large if p = cxo. 

Proof. From Lemma 15. 2. H it follows that the functional ^v satisfies conditions (F.1)-(F.6). 
Hence we can apply Lemma ll?T] to compute Vs'o(2)— deg(V$y, ^'^^(Hj^,^)). We obtain 



V50(2)-deg(V$v,/^.,(H^,p)) = deg5(V$f ('\d,,((H^)^^(2)^p)^q). 



■V50(2)-deg((/rf-Lp)|((ei)50(.))x,D.,(((e^)^^(2))±^Q))_ 
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Since {Id — Lp)|((Hi )so(2))± is an isomorphism, from Fact 15.1 .11 we have 

V5O(2)-deg((Jrf-L,)|((e^)so(.))x,D,,(((H^)^^(2))±^0))^ 

= il,n{V"ip),T),...,MV"{p),T),...). 
Moreover, since (H^)'^*^*^^) = {u E H^ : u = const} it is easily seen that 

Applying ()2.2|) we obtain the assertion. D 

The following theorem ensures the existence of at least one non-stationary T-periodic 
solution of system ()5.2.1|) . See J2III22] for related results. 

Theorem 5.2.1. Suppose that 

(i) {vr\o) = {p,,...,p,}, 

(ii) V'{x) = 1/"(cx)) ■ X + o{\\x\\) as \\x\\ -^ oo. 

Assume additionally that a{V"{p)) fl < : A; G N > = for any p G {pi, . . . ,pq, cx)} 

<? 
and that /y(oo,T) 7^ 2,^v{Pi,T). Then there exists at least one non-stationary T-perio- 

i=l 

die solution of ()5.2.1|) . 

Proof. Notice that stationary solutions pi,...,pq and 00 are isolated critical points of 
functional ^y given by ()5.2|) . Suppose, contrary to our claim, that pi, . . . ,pg are the only 
T-periodic solutions of ()5.2.H) . Thus we can choose Ooo, Op^ > 0, i = 1, . . . , g such that 

(i) (V<l>v)~\o)n(H^\Z},^(H^,oo)) = 0, 

(ii) {v<i>vy\o) n D,^^(ei.,p,) = fe},2 = 1, . . . ,g, 

(iii) D,^^ (Hi., Pi) n D^^^ {M},, p,) = 0, for I ^ J, 

(iv) diD^jM^,p,)) C D^^im^T, 00) for z = 1, . . . , g. 

From the Theorem \'2.1\ (jH)) and (Q we obtain 

<? 
V50(2)-deg(V$v,/^«^(e^,oo)) = J2'^soi2)-deg{V<^v,D^JK,P^)). 

i=l 

But since $y satisfies assumptions of the Lemma f5. 2. 21 we have 

V50(2)-deg(V$y,D„^(M^,oo)) = Jy (00, T) ^ 

^ ^/y(p,,T) = 5^ V5o(2)-deg(V$y,D,^^(e^,p,)), 
a contradiction. D 
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Remark 5.2.3. Notice that the above theorem can he formulated in the following equi- 
valent way. Assume that for p G {pi, . . . ,pq, cxd}, a(y"{p)) fl < : fc G N > = 0. // 

there exists k eN such that 

md(-V',oo) ■ jfc (V"(oo),r) ^ ^ind(-V',p,) ■ J, (V^"fe),T) 



j=i 



then there exists at least one non- stationary T -periodic solution of ()5.2.1|) . 

Suppose now that a(y"{p))r\l : A; G N > 7^ 0. In that case we cannot define Iv{p-, T) 

such as in Definition l5.2.1l However, we can define almost all the coordinates of it. Recall 
that for {fci, . . . , kj.} and {ii, . . . ,is} C {1, . . . , r} we have ki^i^ = gcdjfcj^, . . . , fcj^}. 

Definition 5.2.2. Let a{V"ip)) n <^ ^^ : A; G N ^ = <^ -^, ..., -^ \ , where p G 
{pi, . . . ,Pg, 00}. PutK= M {A^ji...js} and define 

{n,...,i4G{l,...,r} 

ind(-1/',p) forH = SO{2), 

Iv{p,T)h={ (5.2.4) 

ind(-1/',p) ■ jfc(\/"(p), T) /or H = Zk and k ^ K. 

( Ak^TT^ ^ ( Ak'^TT^ Ak^n^) 

Remark 5.2.4. Observe that tf(r{V"{p))n< —^ : fc G N ^ = <^ ^^' • • • ' ^^ f «^^ 

moreoi'er det V^"(p) 7^ 0, t/ien deg^(— V', i5Q,p(]R",p), 0) = (— l)-'o(^ (w) anc? consequently 
/or K = M {fcii,,,i^} we have 

{il,...,is}&{l,-,r} 

( (_l)io(v"(p),T) forH=SO{2), 

Iv{p,T)h=1 (5.2.5) 

[ (_l)io(V'"(p),T) . ^■^(v"(p)^ T) for H = Zk andk^ K. 

(Ak'^n'^ "1 

Lemma 5.2.3. Fix p G {pi, ■ ■ ■ ,Pq, cxd} and assume that a(y"{p)) fl < : A; G N > = 

^ ^ . If the stationary solution p G H^ is an isolated critical point of 



^v then for A; ^ K = M {ki^,,,is} we have 

{ii,...is}e{l,...,r} 
Jy(p,T)z, = V50(2)-deg^^(V<l'y,Z)„,(H^,p)), 

where a is a conveniently chosen radius and $y is a functional given by (j5.2j) . 

Proof. Notice that if p is an isolated critical point of $y, then functional $y satisfies 
conditions (F.1)-(F.6). Applying Lemma [4.21 we conclude 
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V50(2)-deg(V$y,D,,(H^,p)) = 

= V5o(2)-deg(V<^p, D^^{Vp,p)) ^ Vso{2)-deg{-Id, /^a,(H^,-, 0)). 

Since fc ^ K, (Vp)^ = ^. Hence by RemarkEUwe have V5o(2)— deg2^(Vv3p, Daj,{yp,p)) = 
0. Therefore taking into account formula p.2|l we obtain the following 

V50(2)-deg^^(V<l>y,D«,(H^,p)) = 

= V5o(2)-deg50(2)(V<^p,£'ap(V;,p)) ■ V5O(2)-deg2^(-/rf,L)„^(H^_,0)) 
for /c ^ K. But from Fact 15.1.11 we obtain 

Vsoi2)-deg{-Id,D^^{ml^_,0)) = 

= ((_i).o(y"(p),T)^ (_i).o(v"(p),T) . j^^v"ip),n • • • , (-i)^°(^"(^)'^) ■ uv"ip),n ■■■)■ 

Taking into consideration that 

V50(2)-deg50(2)(V¥^„/^.,(V;,p)) • (-l)Mv"ip),T) ^ deg^i-V, D^^iW,p),0) 

we complete the proof. D 

Combining the above considerations with Theorem 15 . 2 . 1 1 we can formulate its more general 
version. 

Theorem 5.2.2. Suppose that 

(i) {v')-\o) = {Pi,...,P,}, 

(ii) V'{x) = F"(oo) ■ X + o{\\x\\) as \\x\\ -^ oo. 

// there exists k E N such that Iv{p,T)k is defined for all p G {pi, ... ,pq, oo} and 
g 

Jy(oo,T)fc 7^ 2,^viPi^T)k, then there exists at least one non-stationary T-periodic solu- 

i=l 

tion of 1)5.2.11) . Moreover, if po G {pi, . . . ,Pq, cxd} is not an isolated T-periodic solution of 
()5.2.H) . then there are numbers /ci, . . . , fcr G N such that a{V"{po)) fl < : A; G N 

^ , . . . , I^ > and the minimal period of any solution sufficiently close to po equals 
T'' T^ J 

T 

for some {«i, . . . , ij C {1, . . . , r}. 



Proof. Assume that stationary solutions pi, . . . ,pq and cxd are isolated critical points of 
^v If they were not isolated, we would obtain an infinite sequence of critical points of $y , 
i.e. a sequence of T-periodic non-stationary solutions of ()5.2.H) . which is our assertion. 
Suppose, contrary to our claim, that pi, . . . ,Pq are the only T-periodic solutions of ()5.2.H) . 
As in the proof of Theorem 15.2.11 we obtain 

V50{2)-deg(V$y,D,^(H^,oo)) = ^ V50(2)-deg(V<l'y, Z^„^^(H^,p,)). 
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But since $y satisfies assumptions of tlie Lemma I5.2.H| we have 

<? q 



i=l i=l 

<1 



Hence, V50(2)-deg(V$, ^^^(e^, oo)) ^ ^ V5o(2)-deg(V<l>v, L'ap^(H^,Pi)), a contra- 

i=l 

diction. 

Fix pq G {pi, . . . ,Pg, cx)} and assume tliat po is not isolated in (V$y)^^(0). Tlien from 

LemmaEOit follows that a{V"ipo)) n I ^^ : fc G N | = | -^, ..., -^ i . Hence 

from Corollary 15. 1.21 it follows that ker V^$y (po) ~ ^n ^ [/^y"(po) { r^2 ) ' ^] ' '^^^^ i^ *hy 

the isotropy group 5*0(2)^ of any element of x G ker V^$y(po) \ {0} is equal to Z^. .^ 
for some {ii, . . . ,is} C {1, . . . , r}. It is clear that if a; G H-^ and 5*0(2)^: = Zfc. -^ then 

the minimal period of x is equal to . The rest of the proof is a direct consequence 

of Corollary O *'"'*' D 

Remark 5.2.5. Notice that the above theorem one can formulate in the following equi- 
valent way. Assume that for p G {pi, . . . ,pq, oo} 



and define K = M M {gcdjfcj^^p, . . . , ki^^p}}. If there exists A; ^ K such 

p£{pi,...,Pq,oo}{ii,...is}e{l,...,rp} 

that 

q 

md{-V',oo)-jUV"{oo),T) ^ ^ind(-\/',pO ■ jA.(V"fe),T) 

1=1 

i/ien there exists at least one non-stationary T -periodic solution of (|5.2.H) . 

Remark 5.2.6. Notice that we cannot prove Theorem \5. 2.^ using the Leray-Schauder 
degree because it vanishes. In fact, the assumption of Theorem \5.2.^ can be rewritten in 
the following way 

Vso(2)-deg(v<^,D^^{m}r,oo)\d(AjD^^^{m}r,p,)) ^Qe U{S0{2)). 

From Theorem "WTi it follows that 

degLs ("v*, D^^ {M}r, oo) \ c/ (^ |J D^^^ {M}r,p,)\ 
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P N N 50(2) 



6ecanse [V] "' (0) n (z^,^ (M", oo) \ c/ ( |J D^^^ (M", p,) 



i=l 



5.3. Continuation of Periodic Solutions of Nonlinear Equation. In this section 
we study continuation of non-stationary T-periodic solutions of the family of Newtonian 
systems of the form 

iu = -Vliu) 

(F)a lu{0) = u{T) (5.3.1) 

[u{0) = u{T) 

where Vx G C^(R",]R),A G M. By Ivxip) we denote the index defined in the previous 
section. 

Theorem 5.3.1. Assume that 

(1) {Kr\o) = {p„...,p,}, 

(2) V^{x) = V;,"(oo) ■ X + o(||a;||) as \\x\\ -^ oo, 

g 

(3) there exists k eN such that Ivq{oo,T)i^ ^ y ^ Ivg{pi,T)z,.- 

i=\ 

Then there exists an infinite sequence of non-stationary T-periodic solutions of {F)q con- 
verging to some p G {pi, . . . ,Pg, oo} or there exist closed, connected sets C^ such that 

c- c (e^ X (-00,0]) n (v$yJ''(o), 
c+ c (e^ X [o,+oo)) n (v$yJ"'(o). 

Moreover, for C = C^ 



(CI) cn(^(D^^{m}r,oo)\d(YjD^Jm}^,p^)^^ x{0}] ^0, 



(C2) either C is not bounded or C D {pi, . . . ,pq} ^ 0. 

Additionally, if po G {pi, ... ,Pq, oo} is not an isolated T-periodic solution of {F)o, then 
there are numbers ki, . . . ,kr EN such that 

( ik^TT^ 1 (ik'^TT^ 4F7r2 

a{V"{po)) n %^ : A; G N I - J ^^'"^ ^"^"^ 



2^2 ■ I 2^2 ' ■ ■ ■ ' 2^2 

T 

and the minimal period of any solution sufficiently close to po equals , for some 

^ii...is 

{ii,...,is} C {l,...,r}. 
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Proof. Consider functional $y_^ G C|q,2)(EI^,IR) given by ()5.2j) and suppose that station- 
ary solutions pi, . . . ,Pq and oo are isolated solutions of ()5.3.1|) on level Aq = 0, i.e. they 
are isolated critical points of $^0- Thus we can choose a^o, ap- > 0,i = 1, . . . ,q such that 

(i) {V^Voy\0) n (H^ \ D^^iM),, oo)) = 0, 
(ii) {V^Voy\0) n D^jM}„p,) = te},z = 1, . . . ,g, 
(iii) D^^^ (M^T.Pi) n D^^^ (e^,Pi) = 0, for I ^ J. 

Set il = Da^{M}p,oo) \ di \\ Dap.{'B.].,pi) J. Notice that from the assumption (3) and 

Facts Em ES3 we obtain V50(2)-deg(V<l>y„, fi) ^ 6 G U{S0{2)). The rest of the proof 
is a direct consequence of Theorem 12.61 The second part of the proof is in fact the same 
as the proof of Theorem 15.2.21 D 

Corollary 5.3.1. Let assumptions of Theorem \5.'J.l\ he satisfied. If moreover a (V" {p)) H 

k E N? =0 for any p G {pi, ■ ■ ■ ,Pq, oo} then there exist closed connected sets 



2^2 

C- C (H^x (-oo,0])n(V<l>yJ"\0),C+ C (H^x [0,+oo))n(V$yJ"\0) with properties 
(CI), (C2). 

Proof. From Lemma 15.2. II we conclude that any p G {pi, ■ ■ ■ ,Pq, oo} is an isolated critical 
point of ^vb i-6- an isolated solution of ii = —Vq{u). D 

Remark 5.3.1. If C = C"^ in Theorem \5. 3. 1\ is bounded, then symmetry breaking phe- 
nomenon occurs, i.e. C contains solutions with different minimal periods. Indeed, in this 
case from (C2) we obtain that C contains stationary solution (whose isotropy group in H^ 
is equal to SO {2)) and from (CI) - non- stationary solution (with isotropy group Z^ for 
some fc G N, which means that its minimal period is equal to j). 

Remark 5.3.2. Similarly as in the previous section the Leray-Schauder degree is not 
applicable in the proof of Theorem \5.3.1\ 

6. Illustration 

In this section we illustrate abstract results proved in the previous parts of this article. 
Namely, we study non- stationary T-periodic solutions of the following system 

'u = -V'{u) 

m(0) = m(T) (6.1) 

m(0) = u{T) 

where potential l^ : M" — > M is defined as follows 

V{x) = l< V^"(oo)a;, x > +W{x) = l< y"(oo)x, x > + ~^ (6.2) 

2 2 ^||a;||2_^Q 

where a > and l^"(oo) is a real symmetric (n x n)-matrix. 

In the following four lemmas we study properties of the functional V. 
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Lemma 6.1. If potential V is given by ()(i.2|l then 
V'(x) = V"(oo)-x+W'(x) = V"(oo)-x+ ^ 



|x||2 + a)3/2 

Additionally, there is an orthogonal matrix P G 0(n, M) such that 

1 



X = V""(oo)-x+o(||x||) as \\x\\ -^ oo. 



V'{x) = P- J(V"(oo)) + 



(||x||2 + a)3/2 

where J(y"{oo)) = diag {Ai, . . . , A„}. Moreover, we have 

(1) V"{x) = V"{oo) + W"{x), 

1 

for i = I, 



■ Idmn ] ■ P ^ ■ X, 



(2) m:jx) 

(3) iwy'jx) 



~oXi 






5/2 



+ 



\3/2 



(||x||2 + a) 
fori y^ j,i,j = l,...,n. 



The easy proof of the above lemma is left to the reader. 

Lemma 6.2. Assume that /iv'"(oo)(Ai) = 1 for any Aj G aiV" (oo)) fl 

i^{V')^^{0) < oo. Moreover, if x G (V"')^^(0) then x = Py where fori = 1, . . . ,n we have 

1 



. Then 



yi= \ 



0, 



or ± 



^/ Aj > or Xi < 



— a, otherwise. 



Proof. Let P ^ 0{n, M) be as in Lemma f6. II 
Hence V'{y) = iff P~^V'{Py) = and moreover 



P-'V'{Py) = \^J{V"{^)) + - 

Fix Xi G a+{V"{oo)) U {0} and notice that Xi + 
now that Aj G (T_(V(oo)). It is clear that 

Xi + 



|yP + a)3/2 
1 

;ibip + a)3/2 

112 , ^3/2 -0 iff bf = ^ 

y\\^ + ay/^ 3/^2 



■ Idun 1 ■ y. 

> for any y G M". Assume 



— a 



1 1 

and consequently if a > — ■;= then Xi + ... ,.„ -777 < 0. 

sA^ (||l/|r + a)3/2 

V * 
Taking into account that /iy"(oo)(Ai) = 1 for any Aj G a-{V"{oo)) and the above we obtain 
that 

" yi 



JiV'ioo)) + 



1 



|y||2 + a)3/2 



■ Idm 



Vn 
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0, 



if Aj > or Aj < 



or ± / — j= — a, otherwise, 



1 



which completes the proof. 
Lemma 6.3. If cr{V" (oo)) n 
Proof. By Lemma [6.41 we have 

V\x) = P- (jiV"ioo)) + 
1 



n 



,0=0 then {V')-\0) = {&}. 



■ Idmn ] ■ P ^ ■ X 



Since a{V"{oo)) n 



,0 



Xi + 



|x||2 + a)3/2 

1 



(6.3) 



7^ for i = 1, . . . ,n and any 



|a;||2 + a)3/2 
X G M". Hence matrix P ■ ( J{V"{oo)) + — — fp^— — :^:^ ■ Id^n ) ■ P~^ is nondegenerate for 



|x||2 + a)3/2 
any x G M". Taking into account ()6.3|) we complete the proof. 

Lemma 6.4. Under the above assumptions ind(— l^', oo) = (— 1)"~™ (^ {^))_ 

Proof. Notice that for sufficiently large ||x|| and Aj G cr(V(oo)) \ {0} we have 

1 



D 



sign Xi + 



bf + a)3/2 



sign A,;. 



For i = 1, . . . ,n define ipi : [0, 1] — i> R \ {0} as follows 



Mt) 



t ■ sign Ai + (1 - t) ■ Ai + 



t + 



1 -t 

WTaf^ 



\xf + a?/^ 



if A, ^ 0, 
if A, = 0. 



Since the above, for any t G [0, 1] and sufficiently large ||x|| we have 

/ [ Mt) ... 1 \ 

det P- : •.. : ■ P' \ = J]^,(t)^0. 

V L ... Mt) J / '=' 

Define a map ^ : M" x [0, 1] -^ M" as follows 

Mt) ••• 

^(x,t) = \ P ■ ■■ •.. : -P-M -x. 



... Mt) 



It is easy to verify that 

(i)M/(-,o) = n-), 
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(2) there is /^o > such that for any t G [0, 1] and any a; G M" such that ||x|| > Po 
^(a;,t)^0, 

(3) ind(-1/', oo) = ind(-^(-, 0), oo) = ind(-^(-, 1), oo) = (-I)"-'" (^"(~)), 

which completes the proof. D 

Example 6.1. In this example we study system ()(i.l|l with resonance at the infinity 
(V'(oo) is degenerate). Potential V is a Morse function i.e. all the critical points of 
V are nondegenerate. The origin G G M", treated as a constant function, is a resonant 
stationary solution of ()6.1|) i. e. a{V"{Q)) fl {/c^ : /c G N} 7^ 0. Consider system ()6.ip 
with n = 4, a = 1, T = 27r and 



l^"(oo) 



I 

2 

0-2 














1 



2v^ 



From Lemma \6.^ it follows that (V) ^(0) = {©,±64}. Moreover, by Lemma \6.1\ we have 

9 



V"{Q) = l^"(oo) + W"{Q) = l^"(oo) + Id 




2 

0-10 

1 

1 — i 



and 



V"{±ei) = \/"(oo) + W"{±ei) 



7 
2 



2V2 








-2 + 



2V2 













2^2 




2V2 






-3 

4^2 



Smce det(-V"(e)) < 0, ind(-1/', 0) = -1. Additionally condition det(-1/"(±e4)) > 
implies ind(— V^', ±64) = 1. Moreover, from Lemma \6.4\ it follows that ind(— V^', 00) = 1. 
Finally notice that 

MV"{e),2n) = ll f,^ ^.^'^ MV"M,27r)=j,{r'{±e,),2n) = (^ f/^ =,^' 
I otherwise, I otherwise. 

It is clear that a{V"{e)) n {k"^ : k e N} = {1} and that 

^(^"(±64)) n{k^ ■.ken} = cx{V"{oo)) n {A;2 : A; G N} = 
Moreover, 

ind(-1/', 00) ■ J2{V"{oo), 27r) = 1 ■ = ^ -1 = (-1) • 1 + 1 ■ + 1 ■ = 
= ind(-V^', 6) ■ j2{V"{e), 27r) + ind(-V', 64) • j2{V"{e,), 27r) + 



AUTONOMOUS NEWTONIAN SYSTEMS 



29 



+ind(-n-e4)-j2(V"(-e4),27r). 

We have just shown that all the assumption of Theorem \5.2.^ are satisfied. Therefore 
there is at least one non-stationary 2TT-periodic solution of system ()6.1|) . 

Example 6.2. In this example we study system ()6.1|) with resonance at the infinity 
(V"(oo) is degenerate) . Potential V is not a Morse function because Q ^ W^ is a de- 
generate critical point of V. The origin G M", treated as a constant function, is a 
resonant stationary solution of (jfi.lj) i. e. cr(V'(0)) fl {k"^ : k G N} ^ 0. Consider system 
(j6.1|) with n = 4,a = 1,T = 2tt and 



V"(oo) 



2V2 

From Lemma \6. 1\ it follows that (^')~^(0) — {0)=te4}. Moreover, by Lemma \6.1\ we have 

9 



7 

2 




-1 





















i 



V"{Q) = y"(oo) + W"{Q) = y"(oo) + Id 




2 



1 

1- 










and 



^"(±64) = V^"(oo) + W"{±e^) 



7 
2 



2^2 








-1 + 



2^2 










1 



2V2 . 






2^2 




4^2 



1. By Lemma \6.4\ we have ind(— V"', 00) - 
-1. Finally notice that 



Since det{-V"{±e4)) > 0^ind(-1^', ±64 
Consequently by Remark \5.2.1\ we obtair 

jfc(r"(e),27r) = \\ 'I^ ^.^'^ jfc(l^"(oo),27r) = jfc(\/"(±e4),27r) 



1. 



Consequently by Remark \5.2.1\ we obtain that ind(— V, G) 

' f/ ^.''', J.(V"(oo),2vr) =,,(V"(±e4),2vr) = \\ f/ =.'' 
otherwise, I otherwise. 

It is evident that a{V"{Q)) n {A;^ : A; G N} = {1}, det(V^"(e)) = and that a{V"{±ei))n 
{k'^ ■.ken} = a{y"{oo)) n {P : A; G N} = 0. Moreover, 

ind(-1/', 00) ■ j2(^"(oo), 27r) = 1 • = ^ -1 = (-1) • 1 + 1 ■ + 1 ■ = 

= ind(-\/', 6) ■ J2(^"(e), 27r) + md{-V\ 64) ■ j2{V"{e^), 27r) + 

+ind(-\/',-e4)-j2(^"(-e4),27r). 

We have just shown that all the assumption of Theorem \5.2.2\ are satisfied. Therefore 
there is at least one non-stationary 2t: -periodic solution of system ()6.H) . 
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Example 6.3. Let us put in fj6.1|) n = 1, V'(oo) = 0,a = -. Under these assumptions 

(jfi.lj) is the Sitnikov circular problem studied for example in [Zj, ^Hl- It is easy to check 
that {V')-\0) = {0},1/"(0) = 8,ind(-V"',0) = ind(-1/', cx)) = -1. Finally notice that 

{rji fey 
1 ^jk<-^^ 
otherwise, 

vr 
and jk{V"{oo),T) = jfc(0, T) = for any k eN. Summing up, ifT> —= then 

v2 

ind(-l^', 0) ■ UV"{0), T) = (-1) ■ 1 = -1 ^ = (-1) ■ = ind(-K', oo) ■ j,{V"{oo),T). 

We have just shown that all the assumption of Theorem \5.2.^ are satisfied. Therefore 
there is at least one non-stationary T -periodic solution of the circular Sitnikov problem 

for any T > — = . 

In th rest of this section we study continuation of non-stationary T-periodic solutions of 
the family of Newtonian systems of the form 

u(0) = u{T) (6.4) 

u{0) = u{T) 

where 14 e C^j^M", M), A G M and Vq is given by formula (Q- 

Example 6.4. Let us consider system ()6.4|) with Vq satisfying all the assumptions of po- 
tential V considered in Example \6.1\ or in Example I6'.M It is easy to verify that system 
()6.4j) satisfies all the assumptions of Theorem \5.3.1\ That is why the set of non- stationary 
2tt -periodic solutions of system ()6.4|) satisfies the alternative from of Theorem \5.3.1\ 

Example 6.5. Let us consider system ()6.4|) with Vq satisfying all the assumptions of 
the Sitnikov potential V considered in Example \6.^ It is easy to verify that system ()6.4|) 

satisfies all the assumptions of Theorem \5.3.1\ and Corollaru \5.3.1\ Hence for any T > —= 

y2 
there are closed connected sets C^ of non-stationary T-periodic solutions of system (l(i.4|l 
with properties (CI), (C2) from Theorem \5 . 3 . 1\ 
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